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1. INTRODUCTION
The theory of finite difference equations is in a process of continuous
development and it has become significant for its various applications.
Finite difference inequalities which give explicit bounds on unknown
functions provide a very useful and important technique in the study of
many qualitative as well as quantitative properties of solutions of nonlin-
ear difference equations. During the past few years, various investigators
have discovered many useful and new finite difference inequalities, mainly
inspired by their applications in various branches of finite difference
w xequations; see 1]16 and the references cited therein. In this paper, our
main purpose is to establish some new nonlinear finite difference inequali-
ties which can be used as tools in the study of certain classes of finite
difference equations. We also present some immediate applications to
convey the importance of our results to study the various problems in the
theory of finite difference equations.
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2. STATEMENT OF RESULTS
 4  .In what follows, we let N s 0, 1, 2, . . . . For any function u t , t g N ,0 0
 .  .  .we define the operator D by Du t s u t q 1 y u t and, for i G 2,
i  .  iy1  ..  .D u t s D D u t . For t ) t , t , t g N and any function u t , t g N ,1 2 1 2 0 0
t2  . t2  .we use the usual conventions:  u s s 0 and  u s s 1.ss t sst1 1
Our main results are established in the following theorems.
 .  .  .  .THEOREM 1. Let u t , a t , b t , h t be real-¨ alued nonnegati¨ e func-
tions defined for t g N and let c be a nonnegati¨ e constant.0
 .a If1
ty1
2 2u t F c q u s q 1 q u s a s u s q h s 2.1 .  .  .  .  .  .  . .
ss0
for t g N , then0
ty1
u t F p t 1 q a s 2.2 .  .  .  .
ss0
for t g N , where0
ty1
p t s c q h s 2.3 .  .  .
ss0
for t g N .0
 .a If2
ty1
2 2u t F c q u s q 1 q u s .  .  . .
ss0
sy1
= a s u s q b s u s q h s 2.4 .  .  .  .  .  . /
ss0
for t g N , then0
ty1 sy1
u t F p t 1 q a s 1 q a s q b s 2.5 .  .  .  .  .  . 
ss0ss0
 .  .for t g N , where p t is defined by 2.3 .0
 .a If3
ty1 sy1
2 2u t F c q u s q 1 q u s a s b s u s q h s .  .  .  .  .  .  . .  /
ss0 ss0
2.6 .
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for t g N , then0
ty1 sy1
u t F p t 1 q a s b s 2.7 .  .  .  .  .  /ss0 ss0
 .  .for t g N , where p t is defined by 2.3 .0
 .  .  .  .THEOREM 2. Let u t , a t , b t , h t , and c be as in Theorem 1. Let
 .  .g u be a continuous nondecreasing function defined on R and g u ) 0 forq
u ) 0.
 .b If1
ty1
2 2u t F c q a s u s q 1 q u s g u s 2.8 .  .  .  .  .  . .  .
ss0
for t g N , then, for 0 F t F t , t, t g N ,0 1 1 0
ty1
y1u t F G G c q a s , 2.9 .  .  .  .
ss0
where
r ds
G r s , r ) 0, 2.10 .  .H g s .r0
r ) 0 is arbitrary, Gy1 is the in¨erse function of G, and t g N is chosen so0 1 0
that
ty1
y1G c q a s g Dom G .  .  .
ss0
for all t g N such that 0 F t F t .0 1
 .b If2
ty1 sy1
2 2u t F c q a s u s q 1 q u s u s q a s g u s .  .  .  .  .  .  . .  .  /
ss0 ss0
2.11 .
for t g N , then, for 0 F t F t , t, t g N ,0 2 2 0
ty1 sy1
y1u t F c q a s E E c q a s , 2.12 .  .  .  .  . 
ss0 ss0
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where
r ds
E r s , r ) 0, 2.13 .  .H s q g s .r0
r ) 0 is arbitrary, Ey1 is the in¨erse function of E, and t g N is chosen so0 2 0
that
ty1
y1E c q a s g Dom E .  .  .
ss0
for all t g N such that 0 F t F t .0 2
 .b If3
ty1 sy1
2 2u t F c q a s u s q 1 q u s b s g u s 2.14 .  .  .  .  .  .  . .  .  /
ss0 ss0
for t g N , then, for 0 F t F t , t, t g N ,0 3 3 0
ty1 sy1
y1u t F G G c q a s b s , 2.15 .  .  .  .  .  /
ss0 ss0
y1  .where G, G are as in part b and t g N is chosen so that1 3 0
ty1 sy1
y1G c q a s b s g Dom G .  .  .  .  /
ss0 ss0
for all t g N such that 0 F t F t .0 3
 .  .  .  .THEOREM 3. Let u t , ¨ t , a t , b t be real-¨ alued nonnegati¨ e func-
tions defined for t g N .0
 .c If1
t
2 2u t G ¨ s y a s ¨ s q ¨ s y 1 ¨ s 2.16 .  .  .  .  .  .  . .
sssq1
for 0 F s F t, s, t g N , then0
y1t
u t G ¨ s 1 q a s 2.17 .  .  .  .
sssq1
for 0 F s F t, s, t g N .0
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 .c If2
t
2 2u t G ¨ s y a s ¨ s q ¨ s y 1 .  .  .  .  . .
sssq1
t
= ¨ s q b t ¨ t 2.18 .  .  .  . /
tssq1
for 0 F s F t, s, t g N , then0
y1t t
u t G ¨ s 1 q a s 1 q a t q b t 2.19 .  .  .  .  .  . 
tssq1sssq1
for 0 F s F t, s, t g N .0
 .c If3
t t
2 2u t G ¨ s y a s ¨ s q ¨ s y 1 b t ¨ t .  .  .  .  .  .  . .  /
sssq1 tssq1
2.20 .
for 0 F s F t, s, t g N , then0
y1t t
u t G ¨ s 1 q a s b t 2.21 .  .  .  .  .  /sssq1 tssq1
for 0 F s F t, s, t g N .0
 .  .  .  .THEOREM 4. Let u t , a t , b t , h t , and c be as in Theorem 1.
 .d If1
ty1
2 2u t F c q a s u s q 1 q u s .  .  .  . .
ss0
sy1
= u s q b s u s q h s 2.22 .  .  .  .  . /
ss0
for t g N , then0
ty1 sy1
u t F q t 1 q a s 1 q a s q b s 2.23 .  .  .  .  .  . 
ss0ss0
for t g N , where0
ty1 sy1
q t s c q a s h s 2.24 .  .  .  .  /
ss0 ss0
for t g N .0
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 .d If2
ty1 sy1
2 2u t F c q a s u s q 1 q u s b s u s q h s .  .  .  .  .  .  . .  /
ss0 ss0
2.25 .
for t g N , then0
ty1 sy1
u t F q t 1 q a s b s 2.26 .  .  .  .  .  /ss0 ss0
 .  .for t g N , where q t is defined by 2.24 .0
 .  .d Let g u be as in Theorem 2. If3
ty1 sy1
2 2u t F c q a s u s q 1 q u s g u s q b s g u s .  .  .  .  .  .  . .  .  /
ss0 ss0
2.27 .
for t g N , then, for 0 F t F t , t, t g N ,0 1 1 0
ty1 sy1
y1u t F c q a s g G G c q a s q b s , 2.28 .  .  .  .  .  .  /
ss0 ss0
y1  .where G, G are as in Theorem 2 b and t g N is chosen so that1 1 0
ty1
y1G c q a s q b s g Dom G .  .  .  .
ss0
for all t g N such that 0 F t F t .0 1
In the following theorems we present some new inequalities which can
be used in certain applications.
 .THEOREM 5. Let the function u t G 1 be defined for t g N . Let0
 .  .a t , b t be nonnegati¨ e functions defined for t g N and let c G 1 be a0
constant.
 .e If1
ty1
2 2u t F c q a s u s q 1 q u s u s Log u s 2.29 .  .  .  .  .  .  . .
ss0
B. G. PACHPATTE444
for t g N , then0
u t F c A t . 2.30 .  .
for t g N , where0
ty1
A t s 1 q a s 2.31 .  .  .
ss0
for t g N .0
 .e If2
ty1
2 2u t F c q a s u s q 1 q u s u s .  .  .  .  . .
ss0
sy1
= Log u s q b s Log u s 2.32 .  .  .  . /
ss0
for t g N , then0
u t F c B t . 2.33 .  .
for t g N , where0
ty1 sy1
B t s 1 q a s 1 q a s q b s 2.34 .  .  .  .  . 
ss0ss0
for t g N .0
 .e If3
ty1 sy1
2 2u t F c q a s u s q 1 q u s u s b s Log u s .  .  .  .  .  .  . .  /
ss0 ss0
2.35 .
for t g N , then0
u t F cQ t . 2.36 .  .
for t g N , where0
ty1 sy1
Q t s 1 q a s b s 2.37 .  .  .  .  /ss0 ss0
for t g N .0
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 .  .  .  .THEOREM 6. Let u t , a t , b t , and c be as in Theorem 5. Let g u be
as in Theorem 2.
 .p If1
ty1
2 2u t F c q a s u s q 1 q u s u s g Log u s 2.38 .  .  .  .  .  .  . .  .
ss0
for t g N , then, for 0 F t F t , t, t g N ,0 1 1 0
ty1
y1u t F exp G G Log c q a s , 2.39 .  .  .  .
ss0
y1  .where G, G are as defined in Theorem 2 b and t g N is chosen so that1 1 0
ty1
y1G Log c q a s g Dom G .  .  .
ss0
for all t g N such that 0 F t F t .0 1
 .p If2
ty1
2 2u t F c q a s u s q 1 q u s u s .  .  .  .  . .
ss0
sy1
= Log u s q a s g Log u s 2.40 .  .  .  . . /
ss0
for t g N , then, for 0 F t F t , t, t g N ,0 2 2 0
ty1 sy1
y1u t F c exp a s E E Log c q a s , 2.41 .  .  .  .  . 
ss0 ss0
y1  .where E, E are as defined in Theorem 2 b and t g N is chosen so that2 2 0
ty1
y1E Log c q a s g Dom E .  .  .
ss0
for all t g N such that 0 F t F t .0 2
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 .p If3
ty1 sy1
2 2u t F c q a s u s q 1 q u s u s b s g Log u s .  .  .  .  .  .  . .  .  /
ss0 ss0
2.42 .
for t g N , then, for 0 F t F t , t, t g N ,0 3 3 0
ty1 sy1
y1u t F exp G G Log c q a s b s , 2.43 .  .  .  .  .  /
ss0 ss0
y1  .where G, G are as defined in Theorem 2 b and t g N is chosen so that1 3 0
ty1 sy1
y1G Log c q a s b s g Dom G .  .  .  .  /
ss0 ss0
for all t g N such that 0 F t F t .0 3
 .  .  .  .THEOREM 7. Let u t , a t , b t and c be as in Theorem 1. Let w t, r be
a real-¨ alued nonnegati¨ e function defined for t g N , 0 F r - `, and nonde-0
creasing with respect to r for any fixed t g N .0
 .q If1
ty1
2 2u t F c q a s u s q 1 q u s u s q w s, u s 2.44 .  .  .  .  .  .  . .  . .
ss0
for t g N , then0
u t F A t r t 2.45 .  .  .  .
 .  .  .for t g N , where A t is defined by 2.31 in Theorem 5 and r t is a0
solution of the difference equation
D r t s a t w t , A t r t , r 0 s c, 2.46 .  .  .  .  .  . .
for t g N .0
 .q If2
ty1
2 2u t F c q a s u s q 1 q u s .  .  .  . .
ss0
sy1
= u s q b s u s q w s, u s 2.47 .  .  .  .  . . /
ss0
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for t g N , then0
u t F B t r t 2.48 .  .  .  .
 .  .  .for t g N , where B t is defined by 2.34 in Theorem 5 and r t is a0
solution of the difference equation
D r t s a t w t , B t r t , r 0 s c, 2.49 .  .  .  .  .  . .
for t g N .0
 .q If3
ty1
2 2u t F c q a s u s q 1 q u s .  .  .  . .
ss0
sy1
= b s u s q w s, u s 2.50 .  .  .  . . /
ss0
for t g N , then0
u t F Q t r t 2.51 .  .  .  .
 .  .  .for t g N , where Q t is defined by 2.37 in Theorem 5 and r t is a0
solution of the difference equation
D r t s a t w t , Q t r t , r 0 s c, 2.52 .  .  .  .  .  . .
for t g N .0
3. PROOFS OF THEOREMS 1]4
 .  .Since the proofs resemble one another, we give the details for a , b ,1 2
 .and c only, the proofs of the remaining inequalities can be completed3
similarly.
 .  .a We first assume that c ) 0 and define a function z t by the1
2 .  .  . ’right-hand side of 2.1 . Then z 0 s c , u t F z t , and .
D z t s u t q 1 q u t a t u t q h t .  .  .  .  .  . .
’ ’ ’F z t q 1 q z t a t z t q h t . 3.1 .  .  .  .  .  . /
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 .  .’Using the facts that z t ) 0 D z t G 0, t g N , and 3.1 , we observe . 0
that
D z t .’D z t s . / ’ ’z t q 1 q z t .  .
’F a t z t q h t . 3.2 .  .  .  .
 .From 3.2 it is easy to observe that
ty1
’ ’z t F p t q a s z s . 3.3 .  .  .  .  .
ss0
 .  .Since p t is a positive and nondecreasing function for t g N , from 3.30
we observe that
ty1’ ’z t z s .  .
F 1 q a s . 3.4 .  .p t p s .  .ss0
w x  .Now an application of Lemma 1 given in 8, p. 348 to 3.4 yields
ty1
’z t F p t 1 q a s . 3.5 .  .  .  .
ss0
 .  .  .’Using 3.5 in u t F z t , we get the desired inequality in 2.2 . .
If c is nonnegative, we carry out the above procedure with c q e
instead of c, where e ) 0 is an arbitrary small constant, and subsequently
 .pass to the limit as e ª 0 to obtain 2.2 .
 .  .b Assume that c ) 0 and define a function z t by the right-hand2
2 .  .  . ’side of 2.11 . Then z 0 s c , u t F z t , and .
ty1
D z t s a t u t q 1 q u t u t q a s g u s .  .  .  .  .  .  . .  . /
ss0
ty1
’ ’ ’ ’F a t z t q 1 q z t z t q a s g z s . .  .  .  .  .  . /  / /
ss0
3.6 .
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 .  .’Using the facts that z t ) 0, D z t G 0, t g N , and 3.6 , we observe . 0
that
D z t .’D z t s . / ’ ’z t q 1 q z t .  .
ty1
’ ’F a t z t q a s g z s . 3.7 .  .  .  .  .  / /
ss0
 .Define a function ¨ t by
ty1
’ ’¨ t s z t q a s g z s . 3.8 .  .  .  .  .  /
ss0
 .  .  .  .  .  .’ ’ ’Then ¨ 0 s z 0 s c, z t F ¨ t from 3.8 , D z t F a t ¨ t , .  .  .
and
’ ’D¨ t s D z t q a t g z t .  .  .  . /  /
F a t ¨ t q g ¨ t . 3.9 .  .  .  . . .
 .  .From 2.13 and 3.9 we have
ds .¨ tq1
E ¨ t q 1 y E ¨ t s .  . .  . H s q g s . .¨ t
D¨ t .
F
¨ t q g ¨ t .  . .
F a t . 3.10 .  .
 .Taking t s s in 3.10 and summing up over s from 0 to t y 1, we get
ty1
E ¨ t F E c q a s . 3.11 .  .  .  . . 
ss0
 .  .  .Substituting the bound on ¨ t from 3.11 into 3.7 , we get
ty1
y1’D z t F a t E E c q a s . 3.12 .  .  .  .  . /
ss0
 .From 3.12 it follows that
ty1 sy1
y1’z t F c q a s E E c q a s . 3.13 .  .  .  .  . 
ss0 ss0
 .  .  .’Using 3.13 in u t F z t , we get the required inequality in 2.12 . .
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The proof of the case when c is nonnegative can be completed as
 .mentioned in the proof of a given above.1
 .  .c Rewrite 2.20 as3
t t
2 2¨ s F u t q a s ¨ s q ¨ s y 1 b t ¨ t .  .  .  .  .  .  . .  /
sssq1 tssq1
3.14 .
 .for 0 F s F t, s, t g N . We first assume that u t is positive for fixed0
 .  .t g N and define a function z s by the right-hand side of 3.14 . Then0
2 .  .  . ’z t s u t , ¨ s F z s , and .
t
z s y z s q 1 s a s q 1 ¨ s q 1 q ¨ s b t ¨ t .  .  .  .  .  .  . .  /
tssq2
t
’ ’ ’F a s q 1 z s q 1 q z s b t z t . .  .  .  .  . /  /
tssq2
3.15 .
 .  .’Using the facts that z s ) 0, z s y z s q 1 G 0 for 0 F s F t, s, t g .
 .N , and 3.15 , we observe that0
z s y z s q 1 .  .’ ’z s y z s q 1 s .  . ’ ’z s q z s q 1 .  .
t
’F a s q 1 b t z t . 3.16 .  .  .  . /
tssq2
 .Taking s s s in 3.16 and summing up over s from s to t y 1, we get
t t
’ ’z s F u t q a s b t z t . 3.17 .  .  .  .  .  .  /
sssq1 tssq1
 .  .  .  .Define a function m s by the right-hand side of 3.17 . Then m t s u t ,
 .  .’z s F m s , m s is decreasing with respect to s g N for 0 F s F t, . 0
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and
t
’m s y m s q 1 s a s q 1 b t z t .  .  .  .  . /
tssq2
t
F a s q 1 b t m t .  .  . /
tssq2
t
F a s q 1 b t m s q 1 , .  .  . /
tssq2
i.e.,
t
m s F 1 q a s q 1 b t m s q 1 . 3.18 .  .  .  .  . /
tssq2
Taking s s s and substituting s s s, s q 1, s q 2, . . . , t y 1 successively
 .into 3.18 , we obtain
t t
m s F u t 1 q a s b t . 3.19 .  .  .  .  .  /sssq1 tssq1
 .  .  .’Using 3.19 in ¨ s F z s F m s , we have .
t t
¨ s F u t 1 q a s b t . 3.20 .  .  .  .  .  /sssq1 tssq1
 .Since t g N is arbitrary, the required inequality in 2.21 follows from0
 .  .3.20 . The proof of the case when p t is nonnegative for fixed t g N can0
 .be completed as mentioned in the proof of part a in Theorem 1 given1
above.
The proofs of the inequalities in Theorem 4 can be completed by
following the proofs of the above inequalities and closely looking at the
w xproofs of the inequalities given by Pachpatte in 13 .
4. PROOFS OF THEOREMS 5]7
 .  .  .We will give the proofs of e , p , and q only. The proofs of the1 2 3
other inequalities can be completed similarly.
 .  .  .e Define a function z t by the right-hand side of 2.29 . Then1
2 .  . ’z 0 s c , u t F z t , and .
D z t s a t u t q 1 q u t u t Log u t .  .  .  .  .  . .
’ ’ ’ ’F a t z t q 1 q z t z t Log z t . 4.1 .  .  .  .  .  . /
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 .  .’By using the facts that z t ) 0, D z t G 0, and 4.1 , we observe that .
D z t .’D z t s . / ’ ’z t q 1 q z t .  .
’ ’F a t z t Log z t . 4.2 .  .  .  .
 .From 4.2 we observe that
’ ’ ’z t q 1 F 1 q a t Log z t z t . 4.3 .  .  .  .  .
 .Setting t s s in 4.3 and substituting s s 0, 1, 2, . . . , t y 1, successively, we
get
ty1
’ ’z t F c 1 q a s Log z s .  .  .
ss0
ty1
’F c exp a s Log z s . 4.4 .  .  . /
ss0
 .From 4.4 we observe that
ty1
’ ’Log z t F Log c q a s Log z s . 4.5 .  .  .  .
ss0
w xNow a suitable application of Lemma 1 given in 8, p. 348 yields
’Log z t F Log c A t .  .  .
s Log c A t . , 4.6 .
 .  .  .where A t is defined by 2.31 . From 4.6 we observe that
A t .’z t F c . 4.7 .  .
 .  .  .’Using 4.7 in u t F z t , we get the required inequality in 2.30 . .
 .  .  .p Define a function z t by the right-hand side of 2.40 . Then2
2 .  . ’z 0 s c , u t F z t , and .
D z t s a t u t q 1 q u t u t .  .  .  .  . .
ty1
= Log u t q a s g Log u s .  .  . . /
ss0
’ ’ ’F a t z t q 1 q z t z t .  .  .  . /
ty1
’ ’= Log z t q a s g Log z s . 4.8 .  .  .  .  / /
ss0
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 .  .’Using the facts that z t ) 0, D z t G 0, t g N , and 4.8 , we observe . 0
that
D z t .’D z t s . / ’ ’z t q 1 q z t .  .
ty1
’ ’ ’F a t z t Log z t q a s g Log z s . 4.9 .  .  .  .  .  .  / /
ss0
 .From 4.9 we have
ty1
’ ’ ’ ’z t q 1 F 1 q a t Log z t q a s g Log z s z t . .  .  .  .  .  .  / /
ss0
4.10 .
 .Letting t s s in 4.10 and substituting s s 0, 1, 2, . . . , t y 1 successively,
we obtain
ty1 sy1
’ ’ ’z t F c 1 q a s Log z s q a s g Log z s .  .  .  .  .   / /ss0 ss0
ty1 sy1
’ ’F c exp a s Log z s q a s g Log z s . .  .  .  .   / / /
ss0 ss0
4.11 .
 .From 4.11 we observe that
ty1 sy1
’ ’ ’Log z t F Log c q a s Log z s q a s g Log z s . .  .  .  .  .   / /
ss0 ss0
4.12 .
 .  .  .Define a function ¨ t by the right-hand side of 4.12 . Then ¨ 0 s Log c,
 .’Log z t F ¨ t , and .
ty1
’ ’D¨ t s a t Log z t q a s g Log z s .  .  .  .  .  / /
ss0
ty1
F a t ¨ t q a s g ¨ s . 4.13 .  .  .  .  . . /
ss0
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 .Define a function m t by
ty1
m t s ¨ t q a s g ¨ s . 4.14 .  .  .  .  . .
ss0
 .  .  .  .  .  .  .  .Then m 0 s ¨ 0 s Log c, D¨ t F a t m t from 4.13 , ¨ t F m t from
 .4.14 , and
Dm t F a t m t q g m t . 4.15 .  .  .  .  . . .
The remaining proof can be completed by following the proof of inequality
 .b in Theorem 2 given above, and hence we omit the details.2
 .  .q Let c ) 0 and define a function z t by the right-hand side of3
2 .  .  . ’2.50 . Then z 0 s c , u t F z t , and .
ty1
D z t s a t u t q 1 q u t b s u s q w t , u t .  .  .  .  .  .  . .  . /
ss0
’ ’F a t z t q 1 q z t .  .  . /
ty1
’ ’= b s z s q w t , z t . 4.16 .  .  .  .  / /
ss0
 .  .’Using the facts that z t ) 0, D z t G 0, and 4.16 and following similar .
arguments as in the proofs of the inequalities given above and closely
w xlooking at the proof of Theorem 2 given in 14 with suitable modifications,
one can very easily complete the rest of the proof, and we leave the details
to the reader.
5. SOME APPLICATIONS
We consider the following second-order difference equation:
D2 u t s f t , u t , 5.1 .  .  . .
with the given initial conditions
u 0 s c, Du 0 s 0, 5.2 .  .  .
where c is a constant and f is a real-valued function defined on N = R.0
In the past few years, many authors have studied the qualitative behavior
 .of the solutions of Eq. 5.1 and its further generalizations with different
viewpoints. In this section we shall apply the inequality established in
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 .Theorem 1 a to study the boundedness and other properties of the3
 .  .solutions of Eq. 5.1 with initial conditions given in 5.2 .
 .Our first result deals with the boundedness of the solutions of Eq. 5.1
 .with the given initial conditions in 5.2 .
THEOREM 8. Suppose that the function f satisfies the condition
< < < <f t , u F b t u 5.3 .  .  .
< <  .for t g N and u - `, where b t is a real-¨ alued nonnegati¨ e function0
defined for t g N and0
ty1 sy1
1 q b s - `. 5.4 .  . 
ss0 ss0
 .  .  .Then the solution u t of 5.1 and 5.2 is bounded and
ty1 sy1
< < < <u t F c 1 q b s 5.5 .  .  . 
ss0 ss0
for t g N .0
 .  .  .  .Proof. Let u t be a solution of 5.1 and 5.2 for t g N . From 5.10
 .and 5.2 it is easy to observe that
ty1
Du t s f s , u s . 5.6 .  .  . .
ss0
 .   .  ..Now multiplying both sides of 5.6 by u t q 1 q u t , we observe that
ty1
2 2u t q 1 y u t s u t q 1 q u t f s , u s . 5.7 .  .  .  .  .  . .  .
ss0
 .Taking t s s in 5.7 and summing up over s from 0 to t y 1, we obtain
ty1 sy1
2 2u t s c q u s q 1 q u s f s , u s . 5.8 .  .  .  .  . .  . 
ss0 ss0
 .  .From 5.8 and 5.3 we observe that
ty1 sy1
2 2< < < < < < < < < <u t F c q u s q 1 q u s b s u s . 5.9 .  .  .  .  .  . . 
ss0 ss0
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 .Now a suitable application of Theorem 1 a yields3
ty1 sy1
< < < <u t F c 1 q b s , .  . 
ss0 ss0
and the proof is complete.
Our next result deals with the dependency of solutions of equation on
initial values.
 .  .  .THEOREM 9. Let u t and u t be the solutions of Eq. 5.1 with the1 2
gi¨ en initial conditions
u 0 s c , Du 0 s 0, 5.10 .  .  .1 1 1
and
u 0 s c , Du 0 s 0, 5.11 .  .  .2 2 2
respecti¨ ely, where c , c are real constants. Suppose that the function f1 2
satisfies the condition
< < < <f t , u y f t , u F b t u y u , 5.12 .  .  .  .
 .where b t is a real-¨ alued nonnegati¨ e function defined on N . Then0
ty1 sy1
< < < <u t y u t F c y c 1 q b s 5.13 .  .  .  . 1 2 1 2
ss0 ss0
for t g N .0
Proof. From the hypotheses it is easy to observe that
ty1
Du t s f s , u s , 5.14 .  .  . .1 1
ss0
ty1
Du t s f s , u s , 5.15 .  .  . .2 2
ss0
 .  .  .  .  .Let z t s u t y u t for t g N . From 5.14 and 5.15 we have1 2 0
ty1
D z t s f s , u s y f s , u s . 5.16 4 .  .  .  . .  . 1 2
ss0
 .   .  ..Now multiplying both sides of 5.16 by z t q 1 q z t , we obtain
z 2 t q 1 y z 2 t .  .
ty1
s z t q 1 q z t f s , u s y f s , u s . 5.17 4 .  .  .  .  . .  .  . 1 2
ss0
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 .Taking t s s in 5.17 and summing up over s from 0 to t y 1, we get
ty1
2 2z t s z 0 q z s q 1 q z s .  .  .  . .
ss0
sy1
= f s , u s y f s , u s . 5.18 4 .  .  . .  . 1 2
ss0
 .  .From 5.18 and 5.12 we observe that
ty1 sy1
2 2< < < < < < < < < <z t F c y c q z s q 1 q z s b s z s . 5.19 .  .  .  .  .  . . 1 2
ss0 ss0
 .  .Now a suitable application of Theorem 1 a to 5.19 yields3
ty1 sy1
< < < <u t y u t F c y c 1 q b s , .  .  . 1 2 1 2
ss0 ss0
which proves our result.
We next consider the following difference equations:
D2 u t s f t , u t , m , 5.20 .  .  . .
D2 u t s f t , u t , m , 5.21 .  .  . .0
with the given initial conditions
u 0 s c, Du 0 s 0, 5.22 .  .  .
where c is a constant, f is a real-valued function defined on N = R = R,0
and m, m are real parameters.0
 .The following theorem shows the dependency of solutions of Eqs. 5.20
 .and 5.21 on pure parameters.
THEOREM 10. Suppose that
< < < <f t , u , m y f t , u , m F b t u y u , 5.23 .  .  .  .
< < < <f t , u , m y f t , u , m F q t m y m , 5.24 .  .  .  .0 0
 .  .where b t and q t are real-¨ alued nonnegati¨ e functions defined for t g N .0
 .  .  .  .If u t and u t are the solutions of Eqs. 5.20 and 5.21 with the gi¨ en1 2
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 .initial conditions 5.22 , then
ty1 sy1 ty1 sy1
< < < <u t y u t F m y m q s 1 q b s 5.25 .  .  .  .  .   1 2 0  / ss0ss0 ss0 ss0
for t g N .0
 .  .  .Proof. Let z t s u t y u t for t g N . As in the proof of Theorem1 2 0
9, from the hypotheses we observe that
ty1
D z t s f s , u s , m y f s , u s , m .  .  . .  . 1 2
ss0
qf s , u s , m y f s , u s , m . 5.264 .  .  . .  .2 2 0
 .   .  ..Multiplying both sides of 5.26 by z t q 1 q z t , we observe that
z 2 t q 1 y z 2 t .  .
ty1
s z t q 1 q z t f s , u s , m y f s , u s , m .  .  .  . .  .  . 1 2
ss0
qf s , u s , m y f s , u s , m . 5.274 .  .  . .  .2 2 0
 .Taking t s s in 5.27 and summing up over s from 0 to t y 1, we get
ty1
2 2z t s z 0 q z s q 1 q z s .  .  .  . .
ss0
sy1
= f s , u s , m y f s , u s , m  .  . .  . 1 2
ss0
qf s , u s , m y f s , u s , m . 5.284 .  .  . .  .2 2 0
 .  .  .From 5.28 and 5.23 , and 5.24 , we observe that
ty1 sy1
2< < < < < < < < < <z t F z s q 1 q z s b s z s q q s m y m . 4 .  .  .  .  .  . .  0
ss0 ss0
5.29 .
 .  .Now a suitable application of Theorem 1 a to 5.29 yields3
ty1 sy1 ty1 sy1
< < < <u t y u t F q s m y m 1 q b s , .  .  .  .   1 2 0 / ss0ss0 ss0 ss0
which proves our result.
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In closing, we point out that the inequalities given in Theorems 1]7 are
new to the literature and will assure greater importance in the develop-
ment of the theory of various classes of finite difference and sum]dif-
ference equations. We believe that many new and important applications
of these inequalities will appear in the near future.
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